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Abstract
An effective one-dimensional Schro¨dinger equation for a spinless particle con-
strained to motion near a toroidal helix immersed in an arbitrarily oriented
constant magnetic field is developed. The dependence of the induced toroidal
moments on the magnetic flux through the helix is presented. The magnitude
of the moments depend strongly on the component of the field normal to the
toroidal plane. A strong dependence on coil eccentricity is also indicated. It is
also shown that field-curvature coupling potential terms are necessary to pre-
serve the Hermiticity of the minimal prescription Hamiltonian.
Keywords: elliptic toroidal helix, toroidal moment, curvature potential,
magnetic curvature potential, metaparticle
1. Introduction
Metamaterials comprise two and three dimensional grids of identical con-
stituents sometimes referred to as metaparticles. To date, much of the focus on
metaparticle modeling has been on the macroscopic response of the bulk array
to electromagnetic radiation [1–3]. However, when metaparticles are eventually
fabricated on scales at which quantum effects become non-negligible, quantum
methods will have to be employed to capture the physics of the metaparticles,
their mutual interactions, and their interactions with external fields.
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As emphasized in [2–4], there are both fundamental and practical reasons
to investigate metaparticles that support toroidal moments, of which a toroidal
helix (TH) is one example[2, 5–10]. This paper serves as an extension of previ-
ous work [4] wherein the three dimensional Schrodinger equation for a spinless
particle in the region of a TH was reduced to an effective one dimensional equa-
tion and toroidal moments corresponding to system eigenstates were calculated.
Here, a constant magnetic field (on the order of 1 Tesla) with arbitrary orienta-
tion is applied to the helix to study the induced toroidal moments as a function
of field strength, orientation, and coil eccentricity.
The introduction of the field requires accounting for its effect in the one
dimensional reduced model. It is not enough to simply evaluate the value of the
vector potential for a given field on the points of the wire. Self-consistency with
the well known procedure by which curvature potentials arise from dimensional
reduction [11–22] requires a careful accounting of the coil curvature-field cou-
pling. A prescription exists for the three to two dimensional reduction which
is extended here with suitable modification to arrive at the effective one di-
mensional magnetic interaction [23]. It is important to allow for arbitrary field
orientation because of the lack of up-down symmetry and the chiral nature of
a TH; the inclusion of a magnetic field with a component tangent to the coil
plane, along with a z-component complicates matters substantially.
The remainder of this paper is organized into five sections. In the interest
of keeping this paper relatively self-contained, section 2 presents a parameteri-
zation for an ω turn TH. The Frenet system appropriate to the elliptic toroidal
helix is introduced, and the three dimensional Hamiltonian H3ω is written. The
vector potential in the Frenet system is determined. Section 3 is devoted to the
reduction of H3ω to a one-dimensional Hamiltonian H
1
ω. The one dimensional
effective vector potential for use in H1ω is derived, and a dimensionless form of
the one-dimensional Schro¨dinger equation is written. Section 4 motivates the
basis set used in the Schro¨dinger equation, and presents the equations used to
compute the Hamiltonian matrix elements and the toroidal moments. Section
5 reports results for toroidal moments as a function of coil eccentricity, field
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strength and field orientation. Finally, section 6 is reserved for conclusions and
remarks concerning future work.
2. The 3D ETH Hamiltonian subject to a constant B-field
Consider an ω-turn elliptic toroidal helix (ETH), of major radius R, minor
horizontal radius a, and minor vertical radius b, parametrized by the Monge
form
r(φ) = W (φ)ρˆ+ b sin(ωφ)kˆ, (1)
where
W (φ) = R+ a cos(ωφ), (2)
and φ is the standard cylindrical coordinate azimuthal angle. The Hamiltonian
for a particle allowed to move in the vicinity of the ETH in a magnetic field
described by vector potential A, using the minimal prescription, is
H3ω =
1
2me
( h¯
i
~∇+ eA)2, (3)
where e is the magnitude of the electron charge, and me is the electron mass.
In the Coulomb gauge, the Schro¨dinger equation in three dimensions becomes(
∇2 + 2i e
h¯
A · ~∇− e
2
h¯2
A2 +
2meE
h¯2
)
Ψ = 0. (4)
It is necessary to determine the gradient operator when considering the ambient
space in which the ETH is embedded; therefore, an orthonormal coordinate
system (Frenet system) is attached to the coil at every point along the ETH.
The unit vector tangent to the ETH is
Tˆ =
dr(φ)
dφ
∣∣∣∣∣∣∣∣dr(φ)dφ
∣∣∣∣∣∣∣∣−1. (5)
It is convenient to define
f(φ) ≡
∣∣∣∣∣∣∣∣dr(φ)dφ
∣∣∣∣∣∣∣∣ (6)
so that the Frenet-Serret relations can be written
dTˆ
dφ
= f(φ)κ(φ)Nˆ (7)
3
dNˆ
dφ
= −f(φ)κ(φ)Tˆ + f(φ)τ(φ)Bˆ (8)
dBˆ
dφ
= −f(φ)τ(φ)Nˆ. (9)
The curvature and torsion of the space curve r(φ) are represented by κ(φ) and
τ(φ) respectively. Once the Frenet system has been established, two lengths,
qN and qB, are introduced along the normal (Nˆ) and binormal (Bˆ) directions,
perpendicular to the ETH curve. The position vector for the particle near an
ETH can now be written
x(φ, qN, qB) = r(φ) + qNNˆ + qBBˆ. (10)
The requirement
dx · ~∇ = dφ ∂
∂φ
+ dqN
∂
∂qN
+ dqB
∂
∂qB
, (11)
leads to the gradient operator
~∇ = Tˆ 1
f(φ)(1− qNκ(φ))
∂
∂φ
+
(
Nˆ + Tˆ
qBτ(φ)
1− qNκ(φ)
)
∂
∂qN
+
(
Bˆ − Tˆ qNτ(φ)
1− qNκ(φ)
)
∂
∂qB
.
(12)
The applied magnetic field in this work can be parametrized via
B = BρρˆM +Bzkˆ, (13)
where ρˆM indicates the direction of the magnetic field in the x-y plane at the
angle φ = φM, i.e.
ρˆM = cos(φM)ˆi + sin(φM)ˆj. (14)
Although its strength and direction may be chosen arbitrarily, the magnetic
field remains constant once its properties are selected. The vector potential is
calculated using
A(φ, qN, qB) =
1
2
B× x(φ, qN, qB). (15)
To simplify the calculation of the A · ~∇ term in Eq.(4), the vector potential can
be expressed in the Frenet basis as
A(φ, qN, qB) = AT(φ, qN, qB)Tˆ +AN(φ, qN, qB)Nˆ +AB(φ, qN, qB)Bˆ. (16)
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Taking the qN and qB → 0 limit in the gradient operator and performing the dot
product with the vector potential yields
A · ~∇ = 1
f(φ)
AT(φ, qN, qB)
∂
∂φ
+AN(φ, qN, qB)
∂
∂qN
+AB(φ, qN, qB)
∂
∂qB
. (17)
Finally, the full Hamiltonian is
H3ω =−
h¯2
2me
[
1
f(φ)2
∂2
∂φ2
− f
′(φ)
f(φ)3
∂
∂φ
− κ(φ) ∂
∂qN
+
∂2
∂q2N
+
∂2
∂q2B
+ 2i
e
h¯
(
1
f(φ)
AT(φ, qN, qB)
∂
∂φ
+AN(φ, qN, qB)
∂
∂qN
+AB(φ, qN, qB)
∂
∂qB
)
− e
2
h¯2
A(φ, qN, qB)
2 + Vn(qN) + Vn(qB)
]
.
(18)
The potentials, Vn, normal to the ETH are used to constrain the particle to
the helix. The Hamiltonian must now be separated with regard to tangent and
normal variables in order to facilitate its reduction to a one-dimensional form.
3. Constructing the one-dimensional effective Hamiltonian
To reduce the three dimensional Hamiltonian H3ω to a one dimensional ef-
fective Hamiltonian H1ω, two procedures must be used. The reduced Laplacian
corresponding to this system has been shown, after applying da Costa’s reduc-
tion procedure, to be [4]
∇2 ⇒ 1
f(φ)2
∂2
∂φ2
− f
′(φ)
f(φ)3
∂
∂φ
− 2Vc(φ) + ∂
2
∂q2N
+
∂2
∂q2B
, (19)
where the geometric curvature potential is
Vc(φ) = −1
8
κ(φ)2. (20)
In the limit that qN and qB → 0, the form of the A · ~∇ portion of Eq.(18) is not
obviously separable into tangent and normal parts. Therefore, any qN and qB
dependence must be integrated out. The wavefunction is assumed to decouple as
the particle is constrained to the ETH, and norm conservation leads to the form
Ψ(φ, qN, qB) = χT(φ)χN(qN)χB(qB)G(φ, qN, qB)
−1/2 [4]. Let IN be the expectation
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value of AN(φ, qN, qB)
∂
∂qN
, and IB be the expectation value of AB(φ, qN, qB)
∂
∂qB
.
Then
ID =
∫ L
0
χ∗D(qD)G(φ, qN)
−1/2AN(φ, qN, qB)
× [ ∂
∂qD
(
χD(qD)G(φ, qN)
−1/2)]G(φ, qN) dqD, (21)
where D is either N or B. The functions χN(qN)G(φ, qN)
−1/2 and χB(qB)G(φ, qN)−1/2
can be thought of as the wave functions of a particle in an infinite potential well,
although the explicit form of the normal wave function is not essential. Per-
forming the differentiations and integrating by parts allows the non-separable
terms to be replaced according to
AN(φ, qN, qB)
∂
∂qN
→ −1
2
∂
∂qN
AN(φ, qN, qB) +
1
2
κ(φ)AN(φ, qN, qB) (22)
and
AB(φ, qN, qB)
∂
∂qB
→ −1
2
∂
∂qB
AB(φ, qN, qB). (23)
Derivation of the vector potential using Eq.(15) shows that the explicit form of
AN(φ, qN, qB) does not depend on qN, and AB(φ, qN, qB) does not depend on qB.
Therefore
∂
∂qN
AN(φ, qB) =
∂
∂qB
AB(φ, qN) = 0, (24)
which allows the replacement
A · ~∇ → 1
f(φ)
AT(φ, qN, qB)
∂
∂φ
+
1
2
κ(φ)AN(φ, qB). (25)
Taking the limit as qN and qB → 0 further reduces A · ~∇, leaving only tangential
components given by
A · ~∇ → 1
f(φ)
AT(φ)
∂
∂φ
+
1
2
κ(φ)AN(φ). (26)
Finally, the A2 term of Eq.(4) contains only positive powers of qN and qB. After
taking the qN, qB → 0 limit, only the tangential part of A remains, given by,
A = Tˆ
(
BρATρ +BzATz
)
+ Nˆ
(
BρANρ +BzANz
)
+ Bˆ
(
BρABρ +BzABz
)
. (27)
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Explicit forms of the vector potential components in Eq.(27) are given in the
appendix. The subscript ρ in the vector potential terms indicates that term
multiplies only the ρ-component of the magnetic field. Likewise, the subscript z
in the vector potential terms indicates the term multiplies only the z-component
of the magnetic field. Now the reduced form of the Hamiltonian (with units) is
H1ω =
1
2me
[
− h¯2
(
1
f(φ)2
∂2
∂φ2
− f
′(φ)
f(φ)3
∂
∂φ
+
1
4
κ(φ)2
)
− 2ieh¯
(
1
f(φ)
AT(φ)
∂
∂φ
+
1
2
κ(φ)AN(φ)
)
+ e2A(φ)2
]
.
(28)
Notice that replacing A · ~∇ of Eq.(4) with the expression in Eq.(26) leads to a
second geometric potential, Vmag(φ), in H
1
ω due to the magnetic field:
Vmag(φ) = iκ(φ)AN(φ). (29)
The reduced Schro¨dinger equation can be made into a dimensionless form via
the following definitions:
γ0 = BzpiR
2
γ1 = BρpiR
2
γN =
pih¯
e
 =
2meER
2
h¯2
τ0 =
γ0
γN
τ1 =
γ1
γN
,
where τ0 and τ1 should not be confused with the torsion. The dimensionless
form of the one-dimensional effective Schro¨dinger equation becomes(
1
f(φ)2
∂2
∂φ2
+
[
− f
′(φ)
f(φ)3
+
2i
f(φ)
(
τ1ATρ + τ0ATz
)] ∂
∂φ
+
1
4
κ(φ)2 + iκ(φ)
(
τ1ANρ + τ0ANz
)
−[τ21 (A2Tρ +A2Nρ +A2Bρ) + τ20 (A2Tz +A2Nz +A2Bz)
+2τ1τ0(ATρATz +ANρANz +ABρABz)
]
+ 
)
Ψ = 0.
(30)
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4. Computational scheme
The periodic curvature potentials in the Hamiltonian indicate that the par-
ticle’s wave function should obey Bloch’s theorem. For the αth eigenvalue, a
suitable basis set representing single-valuedness and ω-fold symmetry of the
system is [4]
χpα(φ) =
exp[ipφ]
f(φ)1/2
∑
n
Cpαn exp[inωφ]. (31)
From the ansatz given in Eq.(31), the eigenvalues and eigenvectors of the system
were calculated by diagonalizing the n × n matrix with elements 〈χm|H1ω|χn〉,
or explicitly
Hmn =
1
2pi
∫ 2pi
0
eiω(n−m)φ
(
5
4
f ′(φ)2
f(φ)4
− f
′′(φ)
2f(φ)3
− 2i(p+ ωn) f
′(φ)
f(φ)3
+
1
4
κ(φ)2 − (p+ ωn)
2
f(φ)2
− 2(p+ ωn)
f(φ)
(τ1ATρ + τ0ATz)
− i f
′(φ)
f(φ)2
(τ1ATρ + τ0ATz) + iκ(φ)(τ1ANρ + τ0ANz)
− [τ21 (A2Tρ +A2Nρ +A2Bρ) + τ20 (A2Tz +A2Nz +A2Bz)
+ 2τ1τ0(ATρATz +ANρANz +ABρABz)
])
dφ.
(32)
The basis expansion was limited to five terms (n ∈ [−2, 2]) because a 5×5 matrix
proved sufficient to reproduce the the classical toroidal moment calculated using
[4]
TpM = −
piωIabR
2
kˆ, (33)
with current
I =
2pieh¯p
meL2
, (34)
and total arc length
L =
∫ 2pi
0
f(φ) dφ. (35)
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The eigenvectors of the matrix generated by Eq.(32) allow the calculation of the
quantum mechanical current of the p-α state, given by [4]
j pα(φ) =
eh¯
me
1
2pi
∑
m,n
Cpαm C
pα
n
[
(p+ ωn)
f(φ)2
cos[ω(n−m)φ]
− f
′(φ)
2f(φ)3
sin[ω(n−m)φ]
]
Tˆ,
(36)
and the toroidal moments are calculated with [3]
TpαM =
1
10
∫ 2pi
0
[(
j pα(φ) · r(φ))r(φ)− 2r2j pα(φ)]f(φ) dφ. (37)
5. Results
Toroidal moments for 4-turn and 8-turn circular and elliptic toroidal helices
were calculated using the methods presented in the previous section. The Bloch
index was limited to low values, p = 0, 1, 2, where the helix is most affected by
the magnetic flux.
The toroidal moment as a function of polar angle θ (measured from the z-
axis) was calculated for circular and elliptic configurations. The magnetic field
was swept from θ = 0 to θ = 2pi radians, while the magnitude of the magnetic
field was held constant, i.e., Bz = Bmaxcos(θ) and Bρ = Bmaxsin(θ). Each
Bloch index has substate TM’s corresponding to the αth energy eigenvalue. As
anticipated, for p = 0, the TM’s of the circular toroidal helix quickly drop
to zero at θ = pi2 and θ =
3pi
2 . The toroidal moment magnitude for the 8-turn
toroidal helix is larger than that of the 4-turn toroidal helix, but the dependence
is not linear in ω, as shown in Fig.1. The elliptic cases also switch sign at the
same angles, as shown in Fig.2. In the p = 1 case, the TM’s of the circular
toroidal helix reach their maximum magnitude as the magnetic field approaches
θ = pi, as shown in Fig.3. Note the slight assymetry of the toroidal moment
due to the lack of symmetry of the TH about the toroidal plane. The p = 1, 2
circular configurations have stiff toroidal moments, showing minimal sensitivity
to magnetic field orientation. The elliptic cases also show interesting behavior
near θ = pi (the TM reaches an extremum) as seen in Fig.4. The TM’s remain
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approximately constant for the ω = 8 circular configuration (Figs.5,6). The
tall ETH with ω = 4 configuration also shows TM sign switching near θ = pi2
and θ = 3pi2 . The ω = 8 configuration of the tall ETH does not show sign
switching, but does show a decrease in TM magnitude near θ = pi. The flat
ETH shows TM sign switching in the ω = 4 configuration, but only the TM
corresponding to the lowest eigenvalue switches sign in the ω = 8 configuration
(Fig.6). The toroidal moment was independent of the magnetic field’s azimuthal
orientation. The elliptic configurations are more sensitive to the magnetic field
orientation because the field “sees” a larger effective radius, corresponding to
larger magnetic flux.
The dependence of the toroidal moments on magnetic field magnitude was
also investigated. The ρ and z directions were treated independently in order to
distinguish the effects of the magnetic field’s vertical and horizontal flux through
the toroidal helix. The ratio of vertical magnetic flux to the magnetic flux quanta
was represented by τ0, and the ratio of the horizontal magnetic flux to the
magnetic flux quanta was represented by τ1, as defined in the previous section.
For p = 0, the TM’s corresponding to the lowest energy eigenvalue in the circular
configuration remained near zero as τ0 increased, while the higher energy TM’s
jumped from zero to approximately constant non-zero values (Fig.7), roughly
independent of ω. The circular configuration TM’s reached saturation almost
as soon as the flux became nonzero. The TM’s of the elliptic cases changed
magnitude much more gradually (Fig.8).
There was no induced TM as τ1 was increased from zero in the p = 0 case.
For p = 1, the TM’s due to τ1 are approximately constant for all energies as
τ1 increases. The TM’s due to τ1 also remain constant as τ1 increases. This
behavior holds for both the ω = 4 and ω = 8 configurations. The p = 2 toroidal
moment behavior is similar to the p = 1 case. Therefore, the toroidal moment
as a function of τ1 is not presented graphically.
Finally, the dependence of the toroidal moment on eccentricity was inves-
tigated. The toroidal moment was calculated as a function of minor vertical,
and minor horizontal axes. First, a was held constant while b, the minor ver-
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tical axis, was increased incrementally from 0.1 to 0.9 with τ0 held constant at
τ0 = 2. The toroidal moment was also calculated as b was held constant along
with τ0, while a, the minor horizontal axis, was increased incrementally from 0.1
to 0.9. The magnitude of the toroidal moment corresponding to each current
state quickly attained a saturation value and remained near that value as the
eccentricity was increased. The ω = 8 cases were more stable than their ω = 4
counterparts (Fig.9 and Fig.10.).
6. Conclusions
This work has demonstrated that curvature terms are essential for a proper
description of a particle constrained to a one-dimensional manifold. The effect
of the curvature potential Vc(φ), which does not couple to the vector potential,
has been discussed in previous work [4]. A second potential, Vmag(φ), due to
the curvature of the ETH coupling to the vector potential, appeared when the
full Hamiltonian was reduced to a one-dimensional effective Hamiltonian. Omis-
sion of this magnetic curvature potential leads to a non-Hermitian Hamiltonian
matrix; when included, a Hermitian matrix results.
Toroidal moments were shown to increase or diminish, depending both on
the magnitude and orientation of the magnetic field, and the configuration of
the toroidal helix system. The most striking effect was the dependence of the
toroidal moment on the magnetic field’s polar orientation. The toroidal mo-
ment’s drop to zero at θ = pi/2 and θ = 3pi/2 in the p = 0 circular config-
uration, and the sign switching of the toroidal moment at (or very near to)
those angles in the elliptic p = 0 configurations, could possibly be exploited
in experiments or devices with toroidal moment sensitivity. The effects of the
curvature of toroidal helices on the quantum mechanical current states, and
their corresponding toroidal moments may be important for calculating photon
emission due to an external electromagnetic field[24]. The inclusion of spin in
this one-dimensional model is also of interest. The authors intend to investigate
these issues in later work.
11
Appendix
Explicit forms of the vector potential components are found by expanding
the Cartesian unit vectors, iˆ, jˆ, kˆ, and the cylindrical unit vector φˆ in the Frenet
basis, (e.g. iˆ = iT Tˆ + iN Nˆ + iBBˆ).
The following definitions,
W (φ) = R+ a cos(ωφ) (A-1)
P (φ) =
(
a2sin2(ωφ) + b2cos2(ωφ)
)1/2 (A-2)
f(φ) =
(
ω2P (φ)2 +W (φ)2
)1/2 (A-3)
P1(φ) =− b
f(φ)2P (φ)
(
a ω2 +W (φ)cos(ωφ)
)
(A-4)
P2(φ) =
sin(ωφ)
f(φ)P (φ)
(
a+
ω2W (φ)(a2 − b2)cos(ωφ) + P (φ)2a ω2
f(φ)2
)
, (A-5)
with the curvature
κ(φ) =
(
P1(φ)
2 + P2(φ)
2
)1/2
, (A-6)
and the unit vector components
iT(φ) =− 1
f(φ)
(
a ω sin(ωφ)cos(φ) +W (φ)sin(φ)
)
(A-7)
iN(φ) =
1
κ(φ)P (φ)
P1(φ) b cos(ωφ)cos(φ)
− 1
κ(φ)P (φ)f(φ)
P2(φ) a W (φ)sin(ωφ)cos(φ)
+
1
κ(φ)f(φ)
P2(φ)P (φ) ω sin(φ)
(A-8)
iB(φ) =
1
κ(φ)P (φ)
P2(φ) b cos(ωφ)cos(φ)
+
1
κ(φ)P (φ)f(φ)
P1(φ) a W (φ)sin(ωφ)cos(φ)
− 1
κ(φ)f(φ)
P1(φ)P (φ) ω sin(φ)
(A-9)
jT(φ) =
1
f(φ)
(− a ω sin(ωφ)sin(φ) +W (φ)cos(φ)) (A-10)
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jN(φ) =
1
κ(φ)P (φ)
P1(φ) b cos(ωφ)sin(φ)
− 1
κ(φ)P (φ)f(φ)
P2(φ) a W (φ)sin(ωφ)sin(φ)
− 1
κ(φ)f(φ)
P2(φ)P (φ) ω cos(φ)
(A-11)
jB(φ) =
1
κ(φ)P (φ)
P2(φ) b cos(ωφ)sin(φ)
+
1
κ(φ)P (φ)f(φ)
P1(φ) a W (φ)sin(ωφ)sin(φ)
+
1
κ(φ)f(φ)
P1(φ)P (φ) ω cos(φ)
(A-12)
kT(φ) =
1
f(φ)
b ω cos(ωφ) (A-13)
kN(φ) =
1
κ(φ)P (φ)
(
P1(φ) a sin(ωφ) +
P2(φ) b W (φ)cos(ωφ)
f(φ)
)
(A-14)
kB(φ) =
1
κ(φ)P (φ)
(
P2(φ) a sin(ωφ)− P1(φ) b W (φ)cos(ωφ)
f(φ)
)
(A-15)
φT(φ) =W (φ)/f(φ) (A-16)
φN(φ) =− ω
κ(φ)f(φ)
P2(φ)P (φ) (A-17)
φB(φ) =
ω
κ(φ)f(φ)
P1(φ)P (φ), (A-18)
allow the components of the vector potential to be written
ATρ(φ) =
1
2
W (φ)kT(φ)
(
cos(φM)sin(φ)− sin(φM)cos(φ)
)
+
1
2
b sin(ωφ)sin(φM)iT(φ)− 1
2
b sin(ωφ)cos(φM)jT(φ)
(A-19)
ATz(φ) =
1
2
W (φ)φT(φ) (A-20)
ANρ(φ) =
1
2
W (φ)kN(φ)
(
cos(φM)sin(φ)− sin(φM)cos(φ)
)
+
1
2
b sin(ωφ)sin(φM)iN(φ)− 1
2
b sin(ωφ)cos(φM)jN(φ)
(A-21)
ANz(φ) =
1
2
W (φ)φN(φ) (A-22)
ABρ(φ) =
1
2
W (φ)kB(φ)
(
cos(φM)sin(φ)− sin(φM)cos(φ)
)
+
1
2
b sin(ωφ)sin(φM)iB(φ)− 1
2
b sin(φM)cos(φM)jB(φ)
(A-23)
ABz(φ) =
1
2
W (φ)φB(φ). (A-24)
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Fig. 1: Toroidal moment (in units of eh¯R/me) as a function of polar angle, θ,
for the circular toroidal helix configuration R = 1, a = 0.5, b = 0.5, p = 0.
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(d) 8-turn, flat elliptic toroidal helix
with a = 0.75, and b = 0.25.
Fig. 2: Toroidal moments (in units of eh¯R/me) as a function of θ for the p = 0
elliptic configurations.
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Fig. 3: The toroidal moments (in units of eh¯R/me) as a function of θ, for the
p = 1 circular cconfigurations reach their maximum magnitude as the magnetic
field (held at constant magnitude) approaches θ = pi.
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Fig. 4: Toroidal moments (in units of eh¯R/me) as a function of θ for p = 1.
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(a) 4-turn, circular toroidal helix with
R = 1, a = 0.5, and b = 0.5.
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Fig. 5: Toroidal moments (in units of eh¯R/me) as a function of θ for the p = 2
circular configurations.
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Fig. 6: Toroidal moments (in units of eh¯R/me) as a function of θ for the p = 2
elliptic configurations.
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(a) 4-turn, circular toroidal helix with
R = 1, a = 0.5, and b = 0.5.
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Fig. 7: Toroidal moments (in units of eh¯R/me) as a functin τ0 for the p = 2
circular configurations.
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Fig. 8: Toroidal moments (in units of eh¯R/me) for the p = 0 elliptic configu-
rations as a function of τ0.
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(a) 4-turn toroidal helix where R = 1,
a = 0.25, and b is varied from 0.1 to 0.9.
The magnetic flux in the z-direction
was held constant at τ0 = 2.
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(b) 8-turn toroidal helix where R = 1,
a = 0.25, and b is varied from 0.1 to 0.9.
The magnetic flux in the z-direction
was held constant at τ0 = 2.
Fig. 9: Toroidal moments (in units of eh¯R/me) as a function of minor vertical
axis, b, for the p = 2 substate, with ω = 4 and ω = 8, and a held constant.
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b = 0.25, and a is varied from 0.1 to 0.9.
The magnetic flux in the z-direction
was held constant at τ0 = 2.
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(b) 8-turn toroidal helix where R = 1,
b = 0.25, and a is varied from 0.1 to 0.9.
The magnetic flux in the z-direction
was held constant at τ0 = 2.
Fig. 10: Toroidal moments (in units of eh¯R/me) as a function of minor hor-
izontal axis, a, for the p = 2 substate, with ω = 4 and ω = 8 and constant
b.
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